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The stability of liquid-liquid-particle systems is of con- 
siderable concern in many chemical and energy process 
applications. Several solids separation processes, for ex- 
ample, rely on the distribution of suspended particles from 
a bulk liquid phase into a second immiscible liquid phase 
which is then subsequently separated from the bulk phase 
prior to removal of the particulates. Examples of such ap- 
plications include particle removal from oil continuous 
media using an aqueous solution as the second immiscible 
liquid and selective removal of cell particles and macro- 
molecules from body fluids by use of a second immiscible 
liquid. 

Other separation processes utilize a second immiscible 
liquid to form a bridge between suspended particles re- 
sulting in particle agglomeration prior to removal of the 
solids. Examples of this type of separation process are 
found in tar sand treatment to remove suspended solids. 
Selective agglomeration and fractionation techniques are 
also used for the beneficiation of low grade coals and ores. 

An increasingly important process area in which the in- 
teractions between two immiscible liquids and solid parti- 
cles play an important role is in the removal oE a liquid 
phase from the interstices of a densely packed particle 
matrix. Several tertiary oil recovery techniques, such as 
surfactant or micellar flooding, utilize a bulk aqueous 
phase to remove the immiscible oil phase from the inter- 
stices of the oil bearing strata. 

Despite the widespread application and growing de- 
mand of new energy based processes for liquid-liquid- 
particle separations, there is surprisingly little fundamen- 
tal information available on the mechanisms and parame- 
ters which govern such systems. Consequently, a syste- 
matic evaluation of possible liquid-liquid-particle separa- 
tion techniques for new process applications cannot be 
accomplished without expensive and time consuming trial 
and error experimentation. 

This paper attempts to partially redress these shortcom- 
ings and presents a general thermodynamic surface-energy 
analysis, the results of which are used to infer the relative 
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stability of possible liquid-liquid-particle configurations - -  
of interest in- separation- process applications. 

The free energy of an initial equilibrium state consist- 
ing of single discrete spherical particles and immiscible 
liquid droplets dispersed in a bulk liquid phase is evalu- 
ated in terms of dispersed droplet/particle size ratio (n), 
three phase contact angle (e), and liquid-liquid surface 
tension (7%). Two possible final equilibrium states are 
then considered, in which either single particles are dis- 
tributed into the dispersed liquid droplets or two particles 
are bridged by a single dispersed droplet. The difference 
in free energy between these possible initial and final 
equilibrium states is then used to deduce which is the 
most stable configuration. The equilibrium state with the 
lowest free energy is assumed to be the most stable. 

These two final equilibrium states are used to illustrate 
the use of a free energy stability analysis for two alternate 
separation processes, namely, particle distribution from a 
bulk liquid phase into a distributed liquid phase and parti- 
cle agglomeration or bridging by means of a second im- 
miscible liquid. I t  is important to recognize that the data 
presented in this paper are specific to the two liquid- 
liquid-particle configurations considered. I t  is possible 
that other configurations exist which possess a lower free 
energy and are consequently more stable and hence more 
likely to be encountered in practice than the configurations 
analyzed in this paper. However, the free energy stability 
analysis has general applicability to any liquid-liquid- 
particle configuration. 

The analysis presented here clearly reveals whether or 
not a particular liquid-liquid-particle separation process, 
such as agglomeration, is possible for a given system in 
terms of the specific three phase contact angle (e) and 
dispersed droplet/particle size ratio (n) of that system. If 
the specific values of these governing parameters do not 
fall within the predicted ranges for thermodynamic stabil- 
ity, the separation process under consideration is unlikely 
to be feasible. Techniques are available for the accurate 
measurement of 8, n, and y23, thereby permitting a quan- 
titative evaluation of the feasibility of specific separation 
processes without recourse to complicated and tedious 
chemical screening techniques currently employed in many 
separation process evaluation studies. 
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CONCLUSIONS AND SIGNIFICANCE 

The feasibility of two possible liquid-liquid-particle 
separation processes is examined in terms of suspension 
stability by application of a free energy analysis. For each 
case, the range of three phase contact angle (e), necessary 
for a successful separation, is predicted for any range of 
dispersed droplet/particle size ratio (n). The first type of 
separation process considered represents distribution of 
suspended particles into a second, immiscible, dispersed liq- 
uid phase. I t  is shown that in systems where the particles 
are preferentially wetted by the dispersed liquid phase, 
the three phase contact angle must be within the range 
0 6 8 < r /2  for distribution to occur. More specifically, 
for given values of dispersed droplet/particle size ratio 
(n), critical values of @ are predicted, below which distri- 
bution may occur and above which it may not. The most 
stable equilibrium state is shown to be obtained when e 
+ 0 and n -+ w, corresponding to small three phase con- 
tact angles and large dispersed droplet size. 

The second separation process considered in this paper 
relies on the formation of a liquid bridge between at least 
two particles as a result of encounter with a dispersed 
droplet. This process forms the basis for several separation 
processes including spherical agglomeration and selective 
agglomeration used in tar sand extract treatment and coal 
beneficiation processes, respectively. The range of the 
three phase contact angle (8) required for thermodynamic 
stability of the liquid bridge is predicted by a free energy 
analysis for any possible dispersed droplet/particle size 
ratio (n). It is shown that for particles preferentially wetted 
by the dispersed phase, bridging is only possible when 
0 4 8 < ~ / 2 ,  and that a definite limit on the range of 8 
exists for each value of n. This limiting value of 8 is shown 
to decrease as n increases, and the most thermodynami- 
cally stable bridges are formed for small e and large n, 
that is, large droplets. 

The major significance of this work is that a deeper 
understanding of the parameters and mechanisms control- 
ling the stability of Iiquid-liquid-particle systems has been 
obtained. In addition, the results of the analytical model 
presented enables the feasibility of any proposed liquid- 
liquid-particle separation process to be evaluated without 
recourse to qualitative experimental investigation. The 
most significant applications of this work are believed to 
be in the assessment of new liquid-liquid-particle separa- 
tion processes, where only a limited data base on necessary 
parameter values exists. Such new process areas include 
particle removal from coal derived liquids; p-article re- 
moval from shale oil, tar sand, and pyrolysis oll extracts; 
and low grade coal and ore beneficiation processes. One 
other very important area which involves the reverse proc- 
ess outlined in this paper lies in the tertiary oil recovery 
field. Here a second immiscible bulk liquid is used to 
displace the oil from the oil bearing particle matrix. The 
stability analysis presented here can readily be applied 
to this type of separation process by simply reversing the 
initial and final equilibrium states and considering a closely 
packed particle system. 

The information obtained from this stability analysis can 
provide a useful starting point and frame of reference for 
the assessment of a new separation process. It is important 
to realize that the stability analysis predicts only whether 
or not the desired end state is thermodynamically stable at 
equilibrium. Several other stability considerations must be 
taken into account for specific processes. These must in- 
clude the effects on stability of such factors as shear, mix- 
ing, temperature, surface absorption characteristics, dis- 
solution, and solubility kinetics, all of which will vary 
considerably from process to process. In addition, other 
liquid-Iiquid-particle configurations are possible which 
could have lower free energies and hence be more stable 
than either of the two configurations analyzed in this 
paper. 

The chemical and energy industries employ numerous 
processes which utilize the physical and chemical inter- 
actions between two immiscible liquid phases and solid 
particles. The science and technology involved in such 
processes spans a considerable range in both complexity 
and understanding, varying from sophisticated electro- 
chemical theories of colloid science to some of the more 
pragmatic applications of solids separation technology. 
Attempts to unify the somewhat diverse subject matter 
and applications in this field have resulted in several ex- 
cellent reviews of the available literature. 

Mizrahi and Barnea (1972) produced a comprehensive 
review on this subject in which they identified seven dif- 
ferent fields where liquid-liquid-particle interactions play 
a major role in the overall process. These seven fields fall 
broadly into two distinct categories. The first involves the 
influence of particles on the formation and coalescence of 
liquid dispersions, including the important subject of sol- 
ids stabilized emulsions. The second category includes 
some of the less conventional solids separation techniques 
which include separation of solids by liquid-liquid extrac- 
tion, the use of a second liquid phase to enhance heavy 

liquid sink-float separations, differential flotation for ultra- 
fine particles, mixing and separations in liquid-liquid- 
particle systems in which the particles are either produced 
or consumed by chemical reaction, and the agglomera- 
tion and separation of solids from liquid suspensions by 
the spherical agglomeration process. 

Almost all conventional solids separation processes, and 
most of the aforementioned less conventional processes, 
have been developed for solids removal from aqueous 
phases. However, with the current interest in new energy 
related processes such as coal liquefaction, tertiary oil re- 
covery, in-situ retorting of oil shales, and oil recovery from 
tar sands, there is an urgent need to develop novel proc- 
esses for the separation of solids from nonaqueous media. 

One such process which is already finding application 
in the recovery of crude oil from tar sands is the spherical 
agglomeration process. Puddington and Sparks ( 1975) 
have reviewed some of the fundamentals and applications 
of this process which utilizes bridging between individual 
particles by a second liquid phase that preferentially wets 
the suspended particles and ultimately results in the for- 
mation of large, dense, spherical agglomerates. This proc- 
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TABLE 1. CLASSIFICATION AND SCHEMATIC REPRESENTATION 
OF SOME LIQUID-LIQVID-PARTICLE SEPARATION P R ~ ~ E S S E S  

Schenatic Representation of change 
in Liquid-Liquid-Particle Relation- 
ship During Separation Process. 

Basis of Liquid-Liquid- 
Particle Separation 
process. I Change in State 

~~~~~~~ 

Figures 1 & 2 

Process Applications and Fxamples 

I 4 1 1  

Particle Distribu- 
tion Between Two 
Liquid Phases. 

(Albertsson 1971) e.g., selective r m v a l  of red I -11 
blwd cells fm contaminated blood plasm. 

Liquid Phase by 
Bridging with a e.g., coal beneficiation (Capes 1970) 
Dispersed Liquid 

I 1 1  -1v 

I 1 1  -1v e.g. iron or 

Separation of Bridg- 
ing Liquid f rom Dense 

Use of a Second 
Continuous Liquid 

ess has found extensive use in the mining and chemical 
industries for the separation of finely divided solids from 
liquid suspensions. It is singled out here because of its 
significance to the understanding of liquid-liquid-particle 
interactions and because of its potential application to 
nonaqueous systems. 

The significance of liquid-liquid-particle separation 
processes in the fields of fossil energy recovery and proc- 
essing is further emphasized in the review of Capes 
(1976) who discusses basic research in particle technol- 
og and some novel applications. Here, again, the spheri- 
ca r agglomeration process is emphasized because of its 
applications in the beneficiation of coal fines and the up- 
grading of waste materials. 

The processes mentioned above have been the subject 
of considerable research and development, and there now 
exists a large body of literature and a good understanding 
of the process parameters which influence macroscopic 
characteristics, such as agglomerate size and strength of 
the liquid-liquid-particle interactions. However, a general- 
ized theory dealing with the microscopic interfacial inter- 
actions, common to all liquid-liquid-particle processes, is 
still not available, Mizrahi and Barnea (1972) attempted 
to initiate an effort to unify the available information in 
this area, ranging from entirely empirical to theoretical 
thermodynamic analyses, into a generalized theoretical 
picture. The purpose of this paper is to extend their effort 
and also to identify new areas of technological importance 
pertaining to liquid-liquid-particle separation processes. 

One such area is the removal of residual particulates 
from the reactor effluent stream of several proposed coal 
liquefaction processes. Henry et al. (1976) and Prudich 
and Henry (1978) are currently actively involved in an 

investigation to develop a process for the distribution of 
these particulates from the coal derived liquid into an 
aqueous phase, Conventional, and less costly, aqueous 
phase solids separation processes can then be employed 
to recover the solids. 

Similar solids removal problems from nonaqueous liq- 
uids occur in the treating of some crude oils, though the 
quantity of solids present is much smaller than in the case 
of coal derived liquids. Oil obtained from in-situ retorting 
of oil shales presents another process which also requires 
a solids removal step before acceptable product quality 
can be obtained, as does the oil recovered from pyrolysis 
of municipal refuse. Each of these areas represent possible 
candidates for the use of a process employing a second 
immiscible liquid phase as a likely technique for effecting 
particle removal from the oil phase. 

A11 the aforementioned applications of the various 
liquid-liquid-particle separation processes are summarized 
in Table 1, where the process applications are classified 
into three groups according to the basis of the separation 
process. Specific examples of each process application are 
cited together with references. The changes in the relation- 
ships between the liquid and solid phases are shown 
schematically for each process application, together with 
the state change in accordance with the nomenclature of 
Figures 1 and 2. 

The processes mentioned so far, corresponding to the 
first and second classification on the basis of the separa- 
tion process in Table 1, have as their major objective 
either the separation of particulates from a liquid phase 
by the use of a second liquid phase or the separation of 
two liquid phases by the use of so!id particles. A third 
and increasingly important class of processes involves the 
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STATE I STATEIT 

Fig. 1. Process of particle (phase 1) distribution from continuous 
liquid phase 3 into dispersed liquid phase 2, showing phase relation- 

ship between initial state I and final state II configurations. 

STATE m STATE m 
Fig. 2. Process of liquid bridge formation showing phase relationship 

between initial state Ill and final state IV configurations. 

separation of one liquid phase from a bulk solid phase 
by the use of a second liquid phase. This corresponds 
to the third classification in Table 1. Crude oil recovery 
from tar sands by the use of alkaline solutions, Doscher 
(1977), and in-situ tertiary oil recovery methods using 
surfactant or micellar flooding techniques fall into this 
third class of liquid separations from solids. Both tar sands 
and many types of oil bearing strata, Moody (1961), 
can be considered to consist of discrete close packed parti- 
cles surrounded by a continuous oil or water phase. Other 
oil bearing strata are considered to consist of a continuous 
porous spongelike solid matrix with a continuous oil or 
water phase contained in the capillaries. In either case, 
the microscopic characteristics of the liquid-liquid-solid 
interface are similar, and the only significant difference be- 
tween these structures is the capillary forces holding the 
liquid phases either in the porous or interstitial solid 
matrix, However, because of the more general applicabil- 
ity to the several processes mentioned previously, this 
paper will only address the behavior of discrete particles 
in a liquid-liquid dispersion. 

Separations of liquid-liquid-particle mixtures have as a 
basis of operation one physical process common to almost 
all different techniques. This common process consists es- 
sentially of changing the free energy of the system in order 
to effect the desired separation between phases. The sim- 
plest example of this, in the case of particle distribution 
from one liquid phase into another, is that of a single 
particle being transferred by gravity across a planar inter- 
face between the liquid phases. This transfer can be 
viewed simply from a thermodynamic standpoint in which 
only the initial and final free energy states are considered. 
Such an analysis reveal!; important information on whether 
or not the desired separation is thermodynamically feasi- 
ble, Information on the path or force needed to surmount 

the energy barrier which the particle may experience is 
more readily obtained via a free body analysis of the dy- 
namics of a particle at a liquid-liquid interface. 

The force balance on a single particle at a horizontal 
interface has received considerable attention, owing pri- 
marily to its significance in flotation theory. Princen 
(1969) details the free body force analysis on such sys- 
tems and presents analytical solutions for the minimum 
cylindrical and prismatic particle size which can attain 
equilibrium at a fluid-fluid interface. Rapachietta and 
Neumann (1977) carry this analysis further and solve 
the force balance equation for spherical particles. In ad- 
dition, they present a generalized thermodynamic ap- 
proach, based on a free energy analysis, which comple- 
ments and confirms the results of the force balance ap- 
proach. Both analyses show that the important variables 
in the system are the three phase contact angle, particle 
geometry, and density differences. 

ANALYTICAL MODELS 

This paper presents a generaIized thermodynamic analy- 
sis of only two possible states which spherical particles 
can take in a liquid-liquid dispersion. The analysis is ap- 
plied only to two possible initial and desired final states of 
the system from a separation point of view. System param- 
eters such as three phase contact angle needed to effect 
the desired separation are evaluated. The free energy ap- 
proach is completely general and can be applied to any 
possible liquid-liquid-particle configuration in addition to 
the two outlined in this paper. Further, the stability of 
processes involving both particle separation from liquid 
dispersion and liquid separation from a particle matrix 
can be analyzed by this method. Consequently, the analy- 
sis provides meaningful information for most of the proc- 
esses given in Table 1. 

One important variable in many practical separation 
processes is the relative sizes and size distributions of the 
particle and liquid dispersions. The size variables are in- 
corporated in the free energy analysis in the form of a 
ratio of droplet to particle radii. The results of this analysis 
show that careful control of the size variable can greatly 
enhance or retard the separation process. In addition, a 
force-balance analysis for a spherical particle at a curved 
interface is presented which corroborates the free energy 
analysis results. 

SYSTEMS 

Consider a spherical particle 1 of radius rl ,  initially 
suspended in a continuous liquid phase 3, in which there 
is also dispersed droplets of a second immiscible liquid 2 
of radius r2, as shown in Figure 1, state I. (The liquid 
droplet is shown smaller than the particle to be consistent 
with the nomenclature for the bridging analysis. In many 
process applications, the liquid droplet will, of course, be 
larger than the particle.) Assume that the desired final 
state of this system, from a separation viewpoint, is com- 
plete wetting or distribution of the particle into the dis- 
persed liquid phase, as shown in Figure 1, state 11. It is 
also quite possible that in some practical applications the 
reverse process, that is, I1 + I, may be the desired sep- 
aration, 

The actual conditions, in terms of particle dynamics, 
necessary to effect either of the above two separations 
can be inferred from a free body force analysis which 
is discussed more fully later in this paper. 

Interaction between the dispersed liquid and particle 
phases can lead to an alternative end state if two or 
more particles are considered. Figure 2 shows the alterna- 
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tive initial and final end states for the formation of a 
liquid bridge between two spherical particles. Here again, 
this fundamental step is common to several separation 
processes. Figure 2 can be considered to represent the 
initial stages in the formation of a solid flocculant or ag- 
glomerate, which may subsequently be separated by con- 
ventional sedimentation techniques, or further agglomera- 
tion can be induced as in the spherical agglomeration 
process, Puddington and Sparks ( 1975). The reverse proc- 
ess to that shown in Figure 2 can be considered as a possi- 
ble basic process in the separation of oil from porous 
media, as discussed earlier, and depicted in Table 1. 

The thermodynamic stability of the alternative final 
states depicted in Figures 1 and 2 can be obtained by a 
free energy analysis, the most stable state being that with 
the lowest free energy and the most likely change being 
that associated with a negative free energy difference. 

The free energy difference of the changes in state de- 
picted in Figures 1 and 2 can be determined as follows: 

FI = k 1 2  713 + 4nr22 723 (1) 

let n = r2/r1 (2) 

(3) 

(4) 

( 5 )  

(6) 

(7) 

(8) 

(9) 

Defining F{ as the free-energy per unit surface area of 
the particle, we get 

Similarly, for state I1 
FI' = 3/13 + n23/23 

FII = k I 2  Yl2 + & T ; Z  YZS 

- and 

Substituting for r2 in (5)  from (2),  we get 

rz = ( r13 + rZ3) u3 

t.2 = rl ( 1  + n3)1/3 

F'II = 712 + ( 1 + n3)2'3 3/23 

FIII = 8&' 3/13 + 4dz2 3/23 

P I 1 1  = 2 v l S  + n23/23 

From Figure 2, the free energy of state I11 is given by 

that is 

The free energy of state IV is given by 

Fig. 3. Detail of liquid bridge geometry, assuming circular profile 
(see appendix). 

FIV = (Surface area of 23 interface). ~ 2 3  + 2 (Surface area of 12 interface per particle) 712 + 2 (Surface area of 13 interface per particle) 713 
(10) 

The surface area of the 23 interfaces is defined uniquely 
by the geometry assumed by the bridging liquid. The 
liquid bridge can adopt one of several possible geometries 
which result in the 23 interface, having a profile which is 
that of a segment of either a circle, nodoid, catenoid, or 
unduloid. Figure 3 shows details of the interfacial geome- 
try assuming the 23 surface profile to be circular. Figure 4 
shows a photograph of two glass beads bridged by water. 
It can be seen that DC is an arc of a circle which has a 
radius of GC. The detailed analysis of the liquid bridge 
geometry is presented in the appendix. This analysis en- 
ables the area of the 23 interface to be defined uniquely 
in terms of a single geometric parameter I/Jb (see Figure 
3) for a given contact angle 8. 

From the appendix 

Fig. 4. A photograph of two spherical glass beads bridged by water. 
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Fig. 5. Diagram illustrating the definition of the three phase contact 
angle 8. Solid phase 1 preferentially wetted by continuous liquid 

phase 2; that is, e > JZ 

’r 

Fig. 6. Difference in free energy between states I1 and I showing 
significance of e and n when the particle is preferentially wetted by 

phase 2 liquid. 

Surface area of 23 interface = 4dI2 F1 (+br 0 )  (11) 
Surface area of 12 interface/particle = h12 ( 1  - cos $b) 

(12) 
Surface area of 13 interface/particle = k12 

- 2”JflZ (1  - cos $a> (13) 
Substituting Equations (ll), (12), and (13) into (lo),  
we get the free energy per unit area of solid particle as 

F’IV = 728 Fl($b, 0) - (1  - cos $b)YZ3mS 8 + %1S 

(14) 
The preferred thermodynaic states of the liquid-liquid- 

particle systems shown in Figures 1 and 2 can be inferred 
by calculating the differences in free energy from Equa- 
tions (3) ,  (7) ,  (9), and (14). 

The difference in free energy between states I1 and I 
is given by 

The relationship between the three phase contact angle 
e and the surface tension forces ~ 1 2 ,  7 1 3 ,  and 3/23 is given 
by Young‘s equation 

Y l S  - Y 1 2  = YZS (16) 
where e is measured through phase 2 as shown in Figure 
5, and it is assumed that the solid is preferentially wetted 
by phase 2 liquid. 

Substituting Equation ( 16) in (15), we get 

F’II-I = ya [ ( 1  + n3)2/3 - n2 - C O S ~ ]  (17) 
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Nondimensionalizing the free energy change by y2’28, we 

F”II--I= [ (1  + n3)2/s - nz]- cose (18) 
The limiting values of n which are physically realizable 

are co 0. If n + 0, FTI+I 5 0 for all values of 8; 
hence state I1 is thermodynamically unstable, However, if 
n + co, + - cod. Hence, in this case, state I1 is 
the lowest free energy condition when 0 < e < w/2, and, 
conversely, when 1/2 < 0 < ?r, state I is the most stable 
condition. 

Similarly, the free energy difference between states IV 
and I11 is given by 

get 

n 

F”IV-111 = F1 ($by 8 )  - cos @ (1 - cos $b) - n2 
(19) 

In order to solve Equation (19), it is necessary to 
evaluate $b for given values of n and 8. This is possible, 
since the volume of the bridging liquid Vb must equal 
that of the original phase 2 liquid droplet as depicted in 
Figure 2; that is 

4 
3 = 2”Jfl’ FZ($b, 8) (20) 

-ns = FZ($b, 8) (21) 
2 
3 

Hence, from Equation (21), it can be seen that a 
unique value of +b exists for given n and 6, which must 
satisfy the limiting geometrical conditions that 0 < n/2 
and (+b, max + 8)  4 r/2. The unique values of +b and 
e obtained by solving Equation (21) can be substituted 
into Equation (19) to determine the free energy difference 
between state IV and 111. 

Equation (19) is, however, limited by the values of n, 
+b, and 8 which are imposed by both the geometry of the 
system and the fact that the analysis presented so far is 
only valid when phase 2 liquid wets the solid phase 1; 
that is, 8 6 d 2 ,  If we assume that the liquid bridge can- 
not extend beyond the equatorial plane of the solid 
spheres, then 0 < $b < d2, and from solid geometry n 4 
(1/2)1’3. In addition, the geometrical limits on (21) must 

Consequently, (19) can be solved, with the above lim- 
its, for given n and e and to determine which state has 
the lowest free energy and is consequently the most stable 
from a thermodynamic standpoint. 

also be satisfied; that is, ($b, mar + 8) -L d 2 .  

DISCUSSlON OF FREE ENERGY ANALYSIS RESULTS 

Figures 6 and 8 show the computed values of F:+r 
and F~v+III as functions of e and n for a system in which 
the particles are preferentially wetted by phase 2. It can 
be seen from Figure 6 that FG+I is only negative, for any 
value of n, when 8 < J 2 .  Since the preferred thermody- 
namic state is that with the lowest free energy, which by 
convention is a negative quantity, it can be inferred that 
state I1 will be the most stable state when e < a/2 and 
n + 00. In practical terms, this implies that solid particles 
preferential1 wetted by the dispersed phase 2 can be 

lets of the distributed liquid phase. Also, distribution will 
be favored by large droplets, that is, n + 01, and small 
three phase contact angle, that is, e < n/2. 

It can be seen from Figure 6 that for every value of n 
there exists a critical three phase contact angle ecrlt be- 
low which the free energy of state I1 is less than that of 
state I. Those critical contact angles are the values of 8 at 
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Fig. 7. Variation of critical value of three phase contact angle @,,it 
with size parameter n. 

which the FYI+l curves intersect the e axis. Figure 7 
shows the critical contact angle as a function of n, and it 
is clear that if e 3 q/2, distribution will only be possible 
for large n, that is, large droplets. 

Figure 8 shows the computed values of FTv+IIl as func- 
tions of 0 and n for a system in which the particles are 
preferentially wetted by phase 2 liquid. It can be seen 
that in order for bridging to occur, 0 < r / 2 .  In addition, 

-1 I 1 I I I I I I 
I 1 

50 60 70 80 90 10 20 30 40 
Three Phase Contact Anale 8 

Fig. 8. Difference in free energy between states IV ond 111 showing 
significance of 6 and n when the particles are preferentiolly wetted 

by phase 2 liquid. 
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Phase 2 

Fig. 9. Particle a t  equilibrium in the interface between a phase 2 
droplet and a continuous liquid phase 3. 

\ / Phase1 I 

Fig. 10. Detail of spherical particle, radius rl,  embedded in the 
interface between a droplet, radius re, of phase 2 liquid, and a 

continuous liquid phase 3. 

for each value of n there exists a limited range of 8 over 
which the bridged state IV has the lowest free energy. 
Furthermore, it can be seen that F’&I approaches a 
minimum as n approaches the limiting value of (0.5)1/3, 
which indicates that the most stable bridges are formed 
with the largest droplets. However, the limits on the con- 
tact angle are much more severe for larger n as can be 
seen from the n = 0.6 curve where the contact angle is 
bounded by 0 and 30 deg. It is worth reemphasizing that 
the strongest bridges will be those formed by the larger 
droplets and low three phase contact angles, since these 
conditions give the lowest free energy conditions. The 
above analysis on bridging provides information only on 
whether or not the bridged state is thermodynamically 
stable. In order to determine if a bridge will, in fact, form 
and remain intact in a real process stream, it is necessary 
to estimate the hydrodynamic and mechanical forces act- 
ing on the particles. 

One other significant point which arises from this 
free energy analysis is that the difference in free energy 
per unit surface area of the solid particles is always 
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smaller (that is, more negative) for the bridging process 
than for the distribution process, that is, F:v+IIx < F’,:,,,, 
with n < (0.5) l’3. This indicates that bridging is the pre- 
ferred thermodynamic state and will be more stable than 
the distributed state. 

AS previously mentioned, the free energy analysis indi- 
cates only the preferred thermodynamic states of the 
li uid-liquid-particle systems considered in this paper. 

attempt to attain these states can be evaluated by a force 
balance analysis on a single particle at a liquid-liquid 
interface. It is, of course, also possible that alternative 
liquid-liquid-particle configurations, other than the two 
considered in this paper, have a lower free energy and 
would consequently be the most stable. To determine 
which alternative configuration is the most stable is be- 
yond the scope of this paper, but it is clear that a free 
energy analysis of all possible configurations will reveal 
the most stable state. 

FORCE BALANCE ANALYSIS 

Consider a spherical particle 1 at equilibrium in the in- 
terface of a droplet of phase 2 liquid distributed in a con- 
tinuous liquid phase 3 as shown in Figure 9. Princen 
(1969) and Rapacchietta and Neumann ( 1977) have 
presented detailed analyses for particles at planar inter- 
faces. This analysis differs only in that a curved interface 
is included. 

Figure 10 is a detailed representation of a spherical 
particle embedded in a liquid-liquid interface, showing 
the geometrical conventions adopted in the following 
analysis. 

In P ormation on whether it is possible or even practical to 

The vertical forces acting on the particle are 

F1 = Component of surface tension force at the three 
phase contact point (C) 

F2 = Gravitational forces (buoyancy) 
F3 = Hydrostatic pressure forces 

Fl=~lsin${Yzs[sin(JI+e)I} (22) 
F2 = (Volume ABCD)plg - (Volume ABC)Bg 

and since 
- (Volume ADC)psg 

(Volume ADC) = (Volume ABCD) - (Volume ABC) 

F2 = (Volume ABCD) (p1 - ps)g 

- (Volume ABC) (pz - p 3 ) g  (23) 
For a curved liquid-liquid bulk interface, the hydro- 

static pressure is determined by the principal radii of 
curvature. However, if the bulk liquid-liquid interface 
constitutes a discrete droplet, the hydrostatic pressure 
within the droplet is everywhere constant and given by 
Young’s equabon as 

%‘32 
p 2  - p3 = - 

72 

F3 = ( p z  - p3)n-r12 sin2$ (24) 

At equilibrium F1+ F2 + F3 = 0, that is 

2Yzs 
f.2 

sin ${YB sin ( JI + e) } + - n-r? sinv 

= (Volume ABCD) ( p1 - p s )  g 
- (Volume ABC) (pz - ps) g 
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Substituting for ABCD and ABC, we get 

y a s i n + [ s i n ( + + e )  + l s i n q ]  72 

2 712 

3 6 
= - r 1 2  (p1-ps)g--(1-cosq)2 

(2 + cos +) (P2  - ps)g (25 )  
if the particle is small in comparison to the droplet; that 
is, if r2 >> r l ,  terms in r12 can be neglected, which is 
equivalent to assuming that to a first approximation gravi- 
tational forces are negligible if r2 >> 71: 

yasin+[sin(l(r+8) + ~ s i n + ] u O  72 (26) 

Inspection of Equation (26) shows that there are three 
possible stable positions for the particle: J, = 0 or Z, which 
corresponds to the particle completely wetted by phase 3 
or phase 2 liquid, respectively, or if rJr2 3 0, I/I + e = 
?r, which corresponds to a stable position in the interface. 

Equation (26) can be used to deduce the conditions 
necessary for the particle to transfer into phase 2 liquid, 
since in the absence of gravitational forces it is necessary 
for the surface tension forces to be greater than the hy- 
drostatic forces if the particle is to move further into 
phase 2; that is, F1 > F3: 

s in(++e)  >"sin+ (27) 
r2 

Further, if it is assumed that + = ~ / 2 ,  that is, the 
particle is exactly halfway through the liquid-liquid inter- 
face, then by expansion of Equation (27) 

cos8 > rJr2 

and since r1/r2 must be finite and positive, it can be seen 
that the particle cannot distribute into phase 2 liquid, in 
the absence of gravitational forces, unless 0 < 8 < ~ / 2 .  

This inference from the force-balance analysis is in 
exact agreement with that obtained from the free energy 
analysis; that is, the general condition for a particle, 
preferentially wetted by phase 2 liquid, to be distributed 
from a continuous phase 3 liquid into a dispersed phase 2 
droplet, is (0 < 8 < ~ / 2 ) .  

CONCLUSION 

The conditions for a minimum free energy state in two 
possible particle-liquid-liquid configurations has been de- 
termined in terms of three fundamental system parame- 
ters, that is, three phase contact angle, the surface ten- 
sion of the liquid-liquid interface, and the ratio of the 
dispersed liquid droplet radius to the particle radius. The 
minimum free energy conditions have been interpreted as 
probable stable conditions. 

The thermodynamic stability assumption has been used 
to predict the process conditions necessary for three sep- 
arate classes of liquid-liquid-particle separation processes. 
The first class comprises of processes in which the objec- 
tive is to transfer particles from a continuous liquid phase 
to a second dispersed liquid phase. This separation proc- 
ess corresponds to the distribution of particles from a 
continuous liquid phase to a dispersed liquid phase. 

Applications of the particle distribution process have 
been identified in Table 1, and particular emphasis is 
placed on the suitability of this process to the problem of 
particle removal from a continuous oil phase. The au- 
thors are currently investigating such a process for the 
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removal of ash from coal derived liquids. I t  is felt that 
similar processes could play an important role as econom- 
ically viable processes for the removal of solids from some 
of the newer sources of liquid fuels including shale oil, 
tar sand oils, and liquid pyrolysis products from municipal 
solid wastes. 

The analysis presented in this paper also predicts the 
precise range of parameter values needed to affect the 
reverse process in which particles are added to a liquid- 
liquid dispersion to cause separation of the liquid phases. 
This process could prove economically competitive in 
emulsion breaking processes which currently use high 
voltage electrostatic coalescers. 

A second liquid-liquid-particle separation class has been 
identified which employs the formation of a liquid bridge 
between particles to produce larger agglomerates. The 
free energy analysis applied to this process again shows 
the important system variables to be three phase contact 
angle, size ratio of bridging liquid droplets to particles, 
and liquid-liquid surface tension, Precise values and limits 
of these variables are evaluated to indicate the process 
conditions needed for bridging to occur. This process has 
already found widespread application in the fossil fuel 
and mineral processing industries. The specific techniques 
of spherical agglomeration are being utilized to separate 
solids from tar sand extracts and for coal beneficiation. 

The third liquid-liquid-particle separation class corre- 
sponds to the reverse process of liquid bridge formation. 
The removal of oil bridges formed between adjacent parti- 
cles in oil wet strata constitutes the basis of several tertiary 
oil recovery techniques. In particular, the surfactant flood- 
ing aims at displacing the oil bridges from between parti- 
cles by use of a continuous aqueous phase containing 
surfactants. The analysis presented in this paper clearly 
identifies the conditions necessary to effect removal of the 
oil bridges in terms of three phase contact angle, liquid 
droplet to particle size ratio, and liquid-liquid surface 
tension. This information could prove invaluable in such 
oil recovery processes, since predictions of the effect 
the surfactant must have on the above parameters can be 
made a priori, and simple laboratory experiments can be 
carried out to evaluate suitable surfactants. 

It should of course, be realized that in all three liquid- 
liquid-particle separation process classifications discussed 
above, the necessary values of three phase contact angles, 
droplet to particle size ratio, and liquidi-liqiuid surface 
tensions are predicted only by a thermodynamic stability 
analysis. While the results do give considerable insight into 
the necessary process conditions, no consideration is taken 
of the effects of practical process conditions such as shear 
induced by flow and mixing, adsorption and dissolution 
kinetics of surfactant (that is, mechanism by which surfac- 
tant actually reduces three phase contact angle), and/or 
liquid-liquid surface tension, These various process condi- 
tions will vary considerably between different applications 
and processes. However, the fundamental conclusions 
about the stability of various states, determined from the 
free energy analysis, are valid for any liquid-liquid-particle 
system, 

ACKNOWLEDGMENT 

The authors are indebted to the Energy Research and De- 
velopment Agency for financial support of this work under 
grant E(40-1) 5105 and to the Department of Fuel and Com- 
bustion Science, University of Leeds, England, from where 
Malcolm T. Jacques was on leave of absence. In addition, we 
would like to acknowledge Professor F. Verhoff for many 
helpful discussions during the course of this work. 

AlChE Journal (Vol. 25, No. 1) 



NOTATION 

A12 
A13 
A b  
F1 

F2 = gravitational forces 
Fa = hydrostatic pressure forces 
FI = free energy of state I 
F I I  = free energy of state 11 
F I I I  = free energy of state 111 
Flv = free energy of state IV 
FI = free energy per unit solid surface area of state I 
F‘II = free energy per unit solid surface area of state I1 
F’III = free energy per unit solid surface area of state I11 
FIIv = free energy per unit solid surface area of state IV 
F”11-1 = nondimensionalized change in free energy from 

F”1v-111 = nondimensionalized change in free energy from 

F1 ($b, 8) = bridging liquid area function 
Fz ($b, 8) = bridging liquid volume function 

= surface area of 12 interface bridging case 
= surface area of 13 interface bridging case 
= surface area of bridging liquid 
= surface tension force at  the three phase contact 

point 

state I1 to I 

state IV to 111 

f =  
g =  
g’ = 
h =  
i =  
n =  
pz = 
p3 = 
f l  = 
r2 = 
Vb = 
x =  
Y =  

geometry & F&re 3 
gravitational constant 
geometry in Figure 3 
geometry in Figure 3 
geometry in Figure 3 
radii ratio of phase 2 to phase 1 
internal pressure of phase 2 
internal pressure of phase 3 
radius of phase 1 
radius of phase 2 
volume of liquid bridge 
x coordinate in Figure 3 
y coordinate in Figure 3 

Greek Letterr 
Yl2 
713 
YZ3 
e 
K 

P1 
P2 
Pa 

+b 
+ 

= surface tension of phase 1 and 2 
= surface tension of phase 1 and 3 
= surface tension of phase 2 and 3 
= three phase contact angle 
= angle in Figure 3 
= density of phase 1 
= density of phase 2 
= density of phase 3 
= angle in Figure 10 
= filling angle for bridging case, Figure 3 

APPENDIX 

‘Determination of the profile assumed by a liquid bridge 
formed between two equal spherical particles has received con- 
siderable attention because of the significance of such systems 
to many processes, for example, porosimetry, oil recovery, par- 
ticle agglomeration, and capillary condensation. Erle et al. 
( 1971) considered the general case for the stability of such 
liquid bridges between small equal spherical particles. A gen- 
eral expression is presented for the volume occupied by the 
bridging liquid when the spherical particles remain in contact 
or are separated by a small distance. Erle et a]. (1971) identify 
mathematical criteria which specify which of the possible geom- 
etries the interface assumes. However, a solution to these gen- 
eral area and volume expressions requires numerical integration 
of Euler-Lagrangian types of equations and a cloPed form 
solution exists only for the case of a catenoidal profile. MeI- 
rose (1966) also details an exact geometrical theory for such 
interfaces and presents numerical solutions for the area and 
volume of a liquid bridge having a nodoidal profile. 

However, the free energy analysis presented in this paper 
utilizes the area and volume of a liquid bridge evaluated as- 
suming that the spherical particles are in contact, and the 
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profile of the bridge is an arc of a circle. This circdar as- 
sumption greatly smplifies the analysis and has been shown 
(Hotta et al., 1974; Mayer and Stowe, 1966; Melrose and 
Wallick, 1967) to result in maximum errors in the computed 
area and volume of the order of 1 % , This approximation yields 
progressively more accurate results as the bridging volume de- 
creases, since then the circular profile closely approaches that 
of the more accurate anticlastic nodoidal surface (Melrose and 
Wallick, 1967). 

The area and volume of the bridging liquid, needed to 
evaluate Equation ( lo ) ,  can be determined by considering Fig- 
ure 3. The equation of the bridging liquid profile is assumed 
to be that of circular arc CH and is given by the following anal- 
ysis and nomenclature of Mayer and Stowe ( 1966) : 

(A1 1 G + ( y  - j ) 2  = g’Z 
The surface area of the bridging liquid is given by 

Ab = 2 X 2 n r  y g ’ d ~  

and the volume of the bridging liquid is given by 

I 2 x Volume of segment 
of spherical particle 
obtained by rotating 
arc BC around x axis. 

v b  = 2n y2g’ d K  - 

(443) 
Consideration of the geometry of Figure 3 gives f ,  g, h, and j 
in terms of $br K ,  and r l :  

f = f1(1-CoS$b) 

g‘ = f/SinK=-(l-COS$b) 

h = rltanqb 

71 

Sin K 

j = r l s inqb  + g c o s ~  
K = rr/2 - $b - 8  

(A41 
The equation for the area of the bridging liquid can be trans- 
formed from the polar coordinate system (y, K )  to the rec- 
tangular Coordinate system ( x ,  g)  as follows: 

(A51 Ab = 4n f y  g’ dK = 4n y df 

Since 

that is 

Similarly 
Ab = 4?rfizFi ($b, 8) 
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that is 
Vb = k i 3  F2 ( $‘b, @) 

The area of the 12 interface is that of a segment of a sphere 

A12 = 2wflf = 27rr12 ( 1  - COS $a) (A91 
and is given by 

and 
A13 = 4?rr12 - &#lf 

= k 1 2 ( 1 $ C O S $ b )  (A10 1 
These expressions for Ab, Alz, and A13 can be substituted into 
Equation (10) to determine the free energy of state IV. 
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An Analytical Study of Ultrafiltration in a 
Hollow Fiber Artificial Kidney 

A theoretical investigation of ultrafiltration through hollow fibers used 
in artificial kidney applications is presented. The hollow fibers are con- 
sidered to be cylindrical tubes with ideally selective semipermeable walls 
which retain cellular particles (red and white cells, platelets) and plasma 
proteins in the blood perfusing the fibers. I n  contrast, water and species 
of low and medium molecular weight can freely permeate the membranes. 
The assumption is made that secondary flows avoid the formation of con- 
centration boundary layers at the wall. Proper nondimensionalization of 
the equations for axial and radial transport results in the identification of 
parameters which are important in the characterization of the ultrafiltration 
through semipermeable tubes. Perturbation analyses for small values of 
these parameters lead to sets of differential equations which were solved 
analytically. These closed form solutions demonstrate the influence of 
hydraulic conductivity of the fiber walls, geometry, and axial and transmem- 
brane pressure drop on the efficiency of hollow fiber artificial kidneys. 
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SCOPE 
The purpose of an artificial kidney is to replace the 

function of the human kidney in the case of severe or 
complete renal failure. This function is to remove certain 

ical Engineers, 1979. 

toxins of low and moderate molecular weight from the 
blood such as sodium chloride, potassium chloride, urea, 
creatinine, and uric acid. On the other hand, cellular 

be retained in the blood lumen. Currently, most artificial 
0001-1541-79-2122-0170-$01.15. 8 The American Institute of Chem- particles and plasma proteins (macromolecules) 
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